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Abstract
The R-function and its generalization denoted as G-function, both in-

troduced in papers by Lorenzo and Hartley (L-H), are important for the
applications of the fractional calculus. In [4], L-H obtained various relation-
ships of the R-function with the Mittag-Leffler function, Agarwal’s func-
tion, Erdélyi’s function, Robotnov and Hartley function, and Miller and
Ross function. In the next paper [5], they developed relationships of the
R-function with the error function, product of exponential function and the
complementary error function, and Dawson’s integral. In this note, we like
to stress to these and other relationships of the Lorenzo-Hartley R- and
G-functions with the special functions of fractional calculus, as well as with
classical special functions.
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1. Introduction
The R-function and its generalization denoted as the G-function (but

not the Meijer’s G-function) were introduced by Lorenzo and Hartley [4] by
means of the following series representations:

Rq,ν [a, c, t] =
∞∑

n=0

an(t− c)(n+1)q−1−ν

Γ ((n + 1)q − ν)
, t > c ≥ 0, q ≥ 0,<(q − ν) > 0, (1)
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and

Gα,β,γ [a, c, t] =
∞∑

n=0

(γ)nan(t− c)(n+γ)α−β−1

n!Γ ((n + γ)α− β)
, (2)

where <(αγ − β) > 0,<(s) > 0,
∣∣ a
sα

∣∣ < 1, and (γ)n is the Pochhammer
symbol

(γ)n =
{

1, n = 0
γ(γ + 1) . . . (γ + n− 1), n ∈ N.

(3)

The Laplace transform of the R-function is given by ([4, p.4, eq. (21)]:

L {Rq,ν [a, c, t]; s} =
exp(−cs) sν

sq − a
, c ≥ 0,<(q − ν) > 0,<(s) > 0,

and especially for c = 0 (see [4, p.4, eq. 19]),

L {Rq,ν [a, 0, t]; s} =
sν

sq − a
, <(q − ν) > 0,<(s) > 0. (4)

Let us note the relation with the exponential function:

R1,0(a, 0, t) = exp(at),

and with many other elementary functions (see [4]).

2. Relationships of the R-function with other special functions

From the definition (1) of the R-function, the following relationships
with other special functions are seen:

(i) Mittag-Leffler (M-L) function (see in books [7], [3])

Rν,µ[a, c, t] = (t−c)ν−µ−1Eν,ν−µ[a(t−c)ν ], Rν,µ[a, 0, t] = tν−µ−1Eν,ν−µ[atν ].
(5)

where Eα,β(z) is the Mittag-Leffler function (with 2 indices, as introduced
by Wiman [10]):

Eα,β(z) =
∞∑

n=0

zn

Γ(nα + β)
, <(α) > 0,<(β) > 0. (6)

Indeed, the Laplace transform of (6) is well known (books [7], [3]) and gives
same as (4):

L
{
tν−µ−1Eν,ν−µ[atν ]; s

}
=

sν

sq − a
, <(s) > 0, a ∈ C, |as−ν | < 1.

(ii) Wright function ([11],[12])



ON THE RELATIONSHIPS OF THE R-FUNCTION . . . 455

Rν,µ[a, c, t] = (t− c)ν−µ−1
1ψ1




(1, 1)
; a(t− c)ν

(ν − µ, ν)


 , (7)

where 1ψ1(z) is special case of the Wright’s generalized hypergeometric func-
tion pψq(z) defined by (see [11], [12], [9],[3])

pψq




(a1, A1), . . . , (ap, Ap)
; z

(b1, B1), . . . , (bq, Bq)


 =

∞∑

n=0

∏p
j=1 Γ(aj + Ajn)∏q
j=1 Γ(bj + Bjn)

· zn

n!
. (8)

Especially, for c = 0 this relation is confirmed by the same Laplace transform
(sµ/sν − a) as for the corresponding Wright function in (7).

(iii) Fox’s H-function (and thus, also a H-function, [2]):

Rν,µ[a, c, t] = (t− c)ν−µ−1H1,1
1,2

[
−a(t− c)ν

∣∣∣∣∣
(0, 1)
(0, 1), (1− ν + µ, ν)

]
, (9)

where

Hm,n
p,q

[
z

∣∣∣∣∣
(aj , ej)1,p

(bj , fj)1,q

]
=

1
2πi

∫

L
θ(s)zsds, (10)

is Fox’s H-function ([6], [9], [3]), in which

θ(s) =

∏m
j=1 Γ(bj − fjs)

∏n
j=1 Γ(1− aj + ejs)∏q

j=m+1 Γ(1− bj + fjs)
∏p

j=n+1 Γ(aj − ejs)
. (11)

Then, again in view of definition (1), the following particular cases of
the Mittag-Leffler, Wright and Fox H-functions can be presented also in
terms of the Lorenzo-Hartley R-functions, as:

(iv) Incomplete gamma function (see [8, p.439, eq. 45:6:2])

γ(ν; x) = Γ(ν)R1,0(−1, 0, x)R1,−ν(1, 0, x), (12)

where γ(ν; x) is the incomplete gamma function

γ(ν; x) =
exp(−x)

ν

∞∑

n=0

xn+ν

(ν + 1)n
. (13)

(v) Error function (see [8, p.387, eq. 40:6:2])

erf(
√

x) = R1,0(−1, 0, x)R1,− 1
2
(1, 0, x), (see [5], eq. (A-2)). (14)



456 U.K. Saha, L.K. Arora, A.K. Arora

(vi) Complementary error function (see [8, p.390, eq. 40:12:5])

erfc(x) = 1−R1,0(−1, 0, x2)R1,− 1
2
(1, 0, x2), (15)

(vii) Kummer function (see [8, p.464, eq. 47:6:1])

xM(1;
3
2
; x2) =

√
π

2
R1,− 1

2
(1, 0, x2), (16)

where M(a; c; x) is the Kummer function

M(a; c;x) =
∞∑

n=0

(a)n

(c)n

xn

n!
. (17)

As a matter of fact, the Kummer function has the same Laplace transform(
s−1/2/s− 1

)
, as the corresponding R-function in (16).

(viii) Product of exponential function and complementary er-
ror function

exp(x2) erfc(±x) = R 1
2
,− 1

2
(∓1, 0, x2). (18)

This relation follows by comparing the definition (1) and the power series
expansion for exp(x) erfc(±√x) as given in [8, p. 398, eq. 41:6:1]). See in
Lorenzo and Hartley [5, p.21, eq.(A-1)]

(ix) Dawson’s integral (see [8, p. 407, eq. 42:6:2])

daw (x) =
√

π

2
x
∞∑

n=0

(−x2)n

Γ(n + 3
2)

=
√

π

2
R1,− 1

2
(−1, 0, x2), (19)

see also Lorenzo and Hartley [5, p.21, eq. (A-3)].

3. Relationships of the G-function with other special functions

Similarly, in view of its definition (2), the Lorenzo-Hartley G-function
satisfies the following relationships with other special functions:

(i) Kummer function

xM(1;
3
2
; x2) =

√
π

2
G1,− 1

2
,1(1, 0, x2). (20)

(ii) Product of exponential function and complementary error
function

exp(x) erfc(±√x) =
∞∑

n=0

(∓√x)n

Γ(1 + n
2 )

= G 1
2
,− 1

2
,1(∓1, 0, x), (21)
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exp(x2) erfc(±x) =
∞∑

n=0

(∓x)n

Γ(1 + n
2 )

= G 1
2
,− 1

2
,1(∓1, 0, x2). (22)

(iii) Dawson’s integrals

daw(x) =
√

π

2
x
∞∑

n=0

(−x2)n

Γ(n + 3
2)

=
√

π

2
G1,− 1

2
,1(−1, 0, x2), (23)

daw(
√

x) =
√

πx

2

∞∑

n=0

(−x)n

Γ(n + 3
2)

=
√

π

2
G1,− 1

2
,1(−1, 0, x). (24)

For other relationships of the G-function (2) with various special func-
tions, we refer the paper by Chaurasia and Pandey [1].

Editorial Note. The authors have submitted to the FCAA journal
a longer manuscript, providing more details and proofs of the relationships.
However, the Editor has attracted their attention about the fact that the
R- function is a special case of the Mittag-Leffler (M-L) function and thus,
belongs to the important class of the so-called Special Functions of Frac-
tional Calculus (SF of FC). This notion gained recently much popularity in
view of the use of the SF of FC as solutions of fractional order differential
equations with applications to modeling real phenomena. So, we proposed
to authors to reduce their submission to a short note. Its publication aims
only to emphasize one more interesting example of the M-L function and
of the SF of FC, and also to popularize the numerous results by Lorenzo
and Hartley [4],[5] for the special functions R and G, applied as solutions
of problems from applied science. For example, the role of the R-function
is demonstrated in the dynamic thermocouple problem where it enables the
analyst to directly inverse a transform in the Laplace domain solution (the
operational s-form) so to obtain the time domain solution. The further
generalization of the R-function, called as G-function, brings role in the ef-
fects of repeated and partially repeated fractional poles. This generalization
carries increased time domain complexity, see details in [4].
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